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Magnetohydrostatics (MHS)

MHD Equilibria are described by the MHS equations

(VX B) X B = u,VP, V-B=0 in Q, VPXxn=0 on 01 (1)

Main Results

1. Given a set of nested flux surfaces W(x), there exists an integration factor 1(x) and a
solenoidal vector field B such that (V X B) X B = AVW. Furthermore, this
configurations can be interpreted as solutions of anisotropic MHS [1].

2. Dynamical system describing magnetic field turbulence around an MHS solution. This
system can be used to rapidly construct MHD equilibria with nested flux surfaces [2].

Papers
[1] N. Sato and M. Yamada, J. Math. Phys. 64, 081505 (2023).
[2]

I

:

2] N. Sato and M. Yamada, arxiv.org/abs/2311.03095.

Talks

[T1] N. Sato and M. Yamada, "A Reduced Ideal MHD System for Nonlinear Magnetic Field
Turbulence in Plasmas with Approximate Flux Surfaces", The Grad conjecture in Fluid
Mechanics and MHD: Theory and Applications, I-ste Namba, Osaka, 28 March 2024 (INVITED).
[T2] N. Sato, "MHS (Magnetohydrostatics)", Simons Hidden Symmetries and Fusion Energy
Collaboration Australian Retreat, 12 December 2023.

[T3] N. Sato and M. Yamada, "On the Grad conjecture in anisotropic MHD", AAPPS-DPP 2023,
F-5-13, 15/11/2023 (INVITED).

=

1/5



2/5

Grad Conjecture Workshop (23-26 March 2024, I-Site Namba, Osaka)

Aim & Scope

Magnetohydrostatics (MHS) and the Euler equations are gathering
momentum due to their relevance for practical applications, including the
design of novel fusion reactors. The workshop mainly consisted of talks
pertaining to MHS and the Euler equations, with both mathematicians
and plasma physicists joining the event. One of the purposes of this
gathering was to discuss the Grad conjecture from a broad perspective,
why it is difficult to solve it, what it means to solve it, and envisage
applications and significance for math and physics.
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An Extended Hasegawa-Mima Equation For Nonlinear Drift Wave Turbulence in General Magnetic Configurations

We proposed [3-4] a generalization of the HM equation which accounts for drift wave turbulence in systems
with strong magnetic field and electron density gradients LVlogB ~ LVlogA, ~ 1:

0 ANV x B-VXxv}
a[,me)(—av-< 5 )]zV-[Ae<a = — 1 )vg|. (2)

« xX€EQCSR?tE[0 )
« y(x,t) =px,t)+ %v%(x, t) (charged particle energy)
* B =B(x) # 0 (static magnetic field of arbitrary geometry)

« A, =A,(x) (leadingorder electron spatial density, n, = A.exp(e@/kgT,)) Hll;/l_eqéwhen
* V,=—-B?Bx(BxV) log A —_1 OZZ,
o B 0gA, _'[gLO% Eeo + Bx,

+ vy = B X Vp/B?
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A Collision Operator for Describing Dissipation in Noncanonical Phase Space

Suppose that the distribution function f(z, t) with phase space coordinate z evolves in time t according to

of of
E — _{fr 55}* + (at>COH; (3)

where $ is the Hamiltonian (total energy), {-,-}. a noncanonical Poisson bracket, and (9f /9t)on a collision term.

Problem. What is the expression of (df /dt) .. for binary collisions that occur over short times scales and small
spatial scales compared to the ideal dynamics described by the noncanonical Poisson bracket?

Theorem. The collision term (9f /3t) con is given by [5]

o\ _ _9 (0 0308f" _  9logfy
<E>C0H_cq,f)_az £7 j f n(g ] >dz . @

0z’ 0z

Here, I1 is a symmetric covariant 2-tensor (interaction tensor) depending on the type of binary interactions, J the
Poisson 2-tensor associated with the Poisson bracket, and the notation f' = f(z,t) and 7' = 7(z") was used.
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Current & Future Projects

* Enhance International Collaborations
* Interact with the math, fluid mechanics, & theoretical physics communities

Current projects

MHS without incompressibility > asymmetric solutions probably exist

Enstrophy conservation in relativistic flows (with K. Takeda)

Numerical simulation of Navier-Stokes equations with Clebsch potentials [6] (with S. Murai and Z. Yoshida)
Statistical mechanics of pair plasmas [7]

International collaborations under development

N. Duignan (U. Sydney) > Differential geometric formulation of Nambu dynamics > some new results [8]
D. Pfefferlé (UWA), D. Perrella (UWA), and F. Pasqualotto (UC Berkeley) > MHS existence & regularity
H. Abdelhamid (Mansoura U.) > Dynamo theory in XMHD

M. Materassi (CNR) > Metriplectic formalism with stochastic PDEs and fractional diffusion

Papers
. Murai, N. Sato, and Z. Yoshida, doi.org/10.48550/arXiv.2305.16673.
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